
II. Torus decompositions & Special 3-Manifolds

A. Torus Decomposition

a compact 3-manifold M is a Seifert Fibered Space(SFS)

if M is a union of circles (called Abas ) is

such a way that every fiber has a nbhd which is

a union of fibers and is fiber preserving homes .
to a fibered solid torus

|
⇐ rotation by

p2×I ] h (pzi , (pig) =\ )

Ypg,
=D

"

✗ I
/
~h

is a (p,q ) - fibered

solid torus

fibers are :[ {×} ✗I] u [{had}✗I] u . . . u[{hP
- '

GD}xI]

✗ to are ordinary fibers

and : [ { 03 ✗ I] for ✗ = 0 is the

exceptional fiber
(if p > 1)

(a.k.a. singular fibers)



exercise : M has finitely many exceptional fibers

V1collapse each fiber E D2

quotient map p :X→ D2

note plmaid dish
•% is a p -

told branched

cover with one

branch point

( i.e
.

maid
. disk = unit dish in E

p /☐ (2)
= zP)

so if M is a SFS cangeta quotient map

p : M→ B

B is called the base surface

a surface I is a 3-manifoldM is boundary

parallel it it is isotopic net 2 to a subsurface
of 2m



M is a toroidal it every incompressible torus

in M is boundary parallel

a torus decomposition of M is a finite disjoint Union

T of incompressible tori c laitM S.f.

d) each component ofMt is

atoroidal or a Seifert fibered space, and
(2) T is minimal with respect to (1)

That ( Torus decomposition theorem or JSJdecomposition
Jaw - Shalem 1977 and Johannson 1979) :

Every compact, irreducible 3-manifold has a

torus decomposition unique up to isotopy

Remark : Existence is somewhat similar to prime
d-ecoposition theorem ( Th

" II. 4) and uses
"normal surfaces "

Uniqueness uses lots ofproperties of SFSs

for a proof see Hatcher 's notes on 3-mfds

Part of the Geometrication That (Perelman -2003 ) says
it M is an irreducible

,
a toroidal 3-manifold that

is not a Seifert fibered space and is either

closed or has torus boundary , then the
interior of M admits a hyperbolic structure



we say a 3-manifold is hyperbolic if it admits
a complete Riemannian metric with all
sectional curvatures = - l and of finite volume

Remark :
so the Torus that and geometrizalai

limply you can decompose any 3-mfd into

its prairie pieces and then along in comp.
tori
,
so that each piece is
1) a Seifert fibered space or

2) hyperbolic
so we more or less

"

know " 3-manifolds

if we know SFSs and hyperbolic manifolds!

We know a lot about these

B. Seifert fibered spaces

suppose M is a compact Seifert fibered space with

projection
p : M

→ B

to the base surface and singular fibers
G) . . . , Ln such that Ci has a ubhd

Ni =p
"(D.) with

Ni Elp, , 9;) fibered torus He



let No = nbhd of a regular fiber =p
- '

(Do )

n n

let Mo = M - UNI and Bo = B- ¥
,
D;

1=0

plmo : Mo → Bo an S
'
- bundle

now we have 2- cases

6) Bo orientable

☒☒ " Co
,
- . . Cn correspond to 2D;

e.
→abt d

, ,
. . . dm correspond to 213

⑧
. -④ ⑥ .

.

°
'

-
- -

en d, . .
-

-

dm

Tf (Boo ) = free group gen by 9,4 . . . , ag.bg , a -yen , d., - - dm

(n ) Bo non - orientable

⇐
.

IT
, ( Bo) = freegroupgem by a,, . . . , avg.ci , - - Cn , d., - - dm

let ✗
, ,
. . . , an be arcs properly embedded in Bo

St
.
Boi U Li = dish D

h = 2g +men 6)
gt men (n )



IT
- '

(a) = A
,
= annulus

Q = Mol UA; = s
'
✗ D2

IT CQIE € gen by h=[ fiber]

2 Q = S
'

✗ 2D > copies A±; of Ai

Mo obtained from Q by identifying AI with Ai

Mo orientable ⇒ identification is by
idxid :S

'

✗ ✗i → s
'

✗ ✗i

except in case (n ) for a, - - - ag , then by

reflection ✗ reflection

can assume ✗i ← 4- in 2D so ]- a section

o : Bo → Mo

i can think of Bo c Mo

Ti
,
Imo ) E

91 Bo) ✗ Zen (o){( 9 , . . -9g , d, . . - dm
,
4
, -

- .cn
,
h / [h , d;] = I = [h.cz] (n )

ai
'ha
,
-

- h
"

>



IT
, 12th ) E E ✗ Zt

gen by h and C; C 2130

also by Xi,Mi in 2 Ni

i

✗
i

h = regular fiber = ✗Yiµ ,9i
so c;

= ✗ µ some ri
,
sa se.

Pis, - 9,4=1

role : ciih-ri-xirpiysrpiy-PY.im?iri
= Mi

and µ, = 1 in KIN
,
)

recall po= I so set ro - b c-

Know
: Co = {

*[9. be ] Td; Tci 6)

IT ai TT d, Tlcj (n)

now can use Vankampen to prove

That2 :

6) Tf (M ) I (9)b, , . . . , ag.bg, di , . . . ,dm , C, . . .cn , h \

[h, a,] -1h , b,] = [hide]=[h , a] =L

Cfi = hri , IT [ an ,b, ] Tide -11 Ci = hb>
g ? 0 , MZO , v20 pi IZ , b C-€



(n ) Tf IM) I ( 9 - -
- 9g , d, - - dm , 4, -

. . ,Cn , h l

ai
'

hav h
"

,
[hid,]=[h , = 1

,
c?

-

= hri

ITa} Tld, Tic, = hb )

9 ? I
,
m 70 , n 10 , P, ? 2 , b c-€

note :
i ) cyclic group ( h ) is normal in ICM ) and

central in (o) case

a) if 2M to t.e.me 1) then can discard

dm and last relation

3) p* : CTIM ) → IT(B) is on to

*(M)
=\
, 4=1>

= IT (B)

4) recall lrr.pe ) = I can arrange oar, < Pi and then

b is uniquely determined.

With this theorem can show lots of things
for example

Thm_3 :

M a closed SFS 1 of course
,
now

,
we know with

out SFS assumption, but
TFM = 1 ⇒ME 53 proof much harder)



Proof : TIM = 1 ⇒ IT 13=1 ⇒ 13=-52

let n = # singular fibers
if he 2

,
then M -

- union of z sohu.to, ,.
"|"""

•

IP

exercise : given this , Tim _- I ⇒ME s} É¥
if n 23

,
then

Timlin > = La , . . .vn/ciPi=1,Tci--
I >

2=1

f quotient by Icy , . ..in)

( Ci
,Czf, I c ?' =L?'=§>= 1 ,

C
, Cz

= (j
' >

511

( c , fr I GP' = c%= ¢, czj! I >

this is called the triangle group Tlpi, Pz, Ps ) pi2
Claim : Tlp, ,pz , B) 1=1 ( ☒ ⇒ ne 2)

$2 round sphere
E-2 flat IN

idea :] triangles with tertiaries Ai
,
Antti { 1+12 hyperbolic space

with angles ¥ 1%21%3

according as tp, + tpztp, ¥1
,

eg f. ¥



let fi; = reflection in A, Aj

0
, =p, } Piz = rotation about A , through 2¥
Jz= Pzcpz] =

" " Az " " Zz
83=8,062 = pizpz, "

' ' A
}
" " 2¥

ftp..pe , Ps ) = subgroup of isometries
$2

of { ¥,:} generated by rife
so PCP,

,Papi =\ 1 EH

other results one can show are

1) M closed SFS
,
Ñ its universal cover

then ÑES? 5×43 , 1133

(so M irreducible or ÑE 5×112)

2) M closed SFS then Thu) is finite E.

h has infinite order in FIM)

3) M SFS :

2M incompressible unless 13=15 and net

4) M SFS if 6) g > o or 9=0 and n24
or 4) g > 1 or 9--1 and nzz

then M contains an incompressible
torus



exercise : this follows from

lemma 4 :

M a SFS
,
then

ME 5
'
✗D2⇐ BED= and n e 1

Proof:

⇐) clear
DZ or

(⇒) 12Mt 1 ⇒ 12131=1

TIME -21 ⇒ a.(B) cyclic }
⇒ B={Mobius band

Case 1 : B = D
'

Th(M) I 4h , c , , . . .

,
cut c

,

"
= hri

,
Eh
,
c
, ] =D

HIM)/<n , E Elp , * . . .
* Zhen

Ti
,
(m) = ☒ ⇒ ne 1

Case 2 : BE Mobius band

Th (M ) Eth
,
a
,
c
,, .

.

.cn/a-1ha=h,qPi=hri
[ h

,
c.1=1 >

Tl
,
(M)/
(n ,
I 2-1 * Zp, * - -

.
* €
pn

X
, (m) EZ ⇒ n = 0

so Tl, (M) I 4h, at a
- ' ha = h

- ' >

exercise : show this not isomorphic
to 2-

hint : mod out by 42 >

this ☒ says B #Mobius band
☐#



5) M closed 51=5 then either

1) IT 1M ) finite (⇒ñ=s3

4 Tilm) > ZEE (⇒ ÑE AP)

3) ME 51×5 or IRP
}

# IRP (⇐Ñ=5x1R)

for last result we need

That 5 :

M a closed SFS

Ñ E S '✗ IR ⇐ ME 5×5
'

or IRP
'

# IRP
'

Proof:(⇒ ) Ñ= 5×113

so TE (m) I Tiz (ñ) to

sphere The ⇒ 3- essential 2-sphere 5 am

Case 1 : s is non - separating
then ME 5×5 '#M

'

( Th "II. 1 + Remark )

I 52

let 2- be connect sum sphere

lift -2 to É c ÑE 52×112--113 ? { 10.0.01}

I = 213
,
15a 3-ball in 1123

claimi-B~c.IR
'
- {(o, o, o) }



Suppose 10.0.0) c- Ñ

let 5 be a lift of 5 toÑ

note 5 and I = 215 both embedded

non null- homo topic spheres
:< 5=-5 in Ñ and so 5=-2

☒ S non- separating , -2 separating
exercise : plpg : →PCB) is a homeo .

thus p (B)
= B is an embedded ball with 213=-2

i. M
'

= 53 and ME 51×5

Case 2 : S separating
ME M

,
#Mz

IT 1m) = A * B Snote * ⇒
A = MMD -41

B = Tilth -1-1

recall 4h > 0Th In)

lemma 6 :

a free product A- * B (A ⇐ 1 *B)

has a non-trivial cyclic normal

subgroup⇒AE 13=-2-12

we prove this later

:O Ttm)EZ/z * Zlz



center (2-1/2*242)=1 ⇒M is a SFS of case (n)

the
"
Kurosh subgroup tha

"
⇒ any abelian subgroup
of Zz *Zz is either 2-
or conjugate into a factor

( see my undergrad alg. top.
notes)

:
. 2-1/2*2=112 $ 72×2-1 and so ne aicomp. tori

so fact 4) above ⇒ we are in case (a) g-
- l

and n s 1

it n --1 : singular fiber of multiplicity p

so IT (M)/
guy

= ( a. C : E- 1
,

at = I >

I Zllzp
i. p= 1- since Z/z * 21-12→ Zap ⇒ p= 1

so fiber not singular ! ☒

if n=O : Ti (M ) E (a. h : a-
'ha = h

-1

,
a2=hb >

6-+0 ; a
"

is central so a 2=1 since

21-12*742 has trivial center

thus IT In) E la , h : a
- ' ha =h -1

,
a2=h% , >

I Db a dihedral

group !

☒ tilth infinite
, Db finite



so 6=0 : so M is an S
'
-bundle over IRP

'

and b was the obstruction to a section

:
. F o: IRR→ M and we think of

IRP cm via o(CRPY

now NARA) CM is a twisted I-bundle

over IRP
'

call it P

exercise : I unique orientable I- bundle

over IRM

Clavin P = IRP
}
\ B
'

indeed IRP
}
= 5)

antipodes

"
- ↳ m

p
- 11133) = 54 I

IRP} B
}
= P

- ' 113% = 5×1=1
[
I bundle over IRPZ

since orientable must beIr
now MINCIRPY also I- bundle over IRP

'

i. also P



so M = Poop I IRP
?

# IRI
(E) clear

☒-

Proof of lemma 6 :

⇐) 2+12*2-14 E La.is/aZ--b--- I >

= (a, C : 92=1
,
aca = c-

'> =D
,

exefc.ie infinite dihedral

group

I → ☒ → D- → Zk → I

✗
gen by c

(c) normal subgroup EZ

⇐7) suppose 1h > 0-1*13 At 1=113,4-+1

i ) h= a or b a * 0 EA
,
b -1-0 EB

in )h=qb
,
- . . am bm ai =\ 1 , be -41
or 9. b , - - am ,

or bia , - - bm am or bra
,
- - bin

(h ) normal ⇒ ghg -
'
= h
""

some ncg)
c-€ Fg c-A * B

① ⇒ ba - 'b = a " ☒ for 6=11 c-B

ii ) case h= aib , - - - ambm

pick a c- A
,
a #1

a-
'

ha = a
" (a. b. . . . ambm) a
-

length 2m it a = 9 '

2m -11 otherwise
n

=L
length 2mm



-

'

.
n= It and a = a,

if a -- a,
,
then

b
,
- - ambm a = (a,b, - - ambm)± '

so n= - l a = ai
'
= a

,
⇒ 9,2=1

since a was any
a±1 in A and

a
,
fixed

,
A = 2+12

similarly 13=2+12

exercise : check other cases

h= a,b, - . . am - - '

Eff

some much harder results about SFS are

6) Toros That (scoff 1980) :

M irreducible closed oriented 3-mfd

s± ZXZ < Th (m)

Then either

1) M contains an embedded incompressible
torus
,
or

2) KIM ) has an infinite cyclic
normal subgroup



7) Seifert fibered the (Mess
,
Tokai

,
Gabai
,
Casson - Jungreis) :

If M irreducible and T.CM) has an infinite cyclic
normal subgroup , then M is a 51=5

We finish our discussion of SFS with a very useful result

That :

M an irreducible SFS

I CM an incompressible,2ÉÉe, Orietable surface

Then I can be isotoped to be either

vertical ( = a union of regular fibers)
(so a torus or annulus)

or horizontal ( = transverse to all fibers)

let I be a surface with 2-21=0
, properly embedded

in a 3-manifold M

given a disk DCM such that

1) 2D= ✗up , ✗
,p arcs dnp=3 ✗ =3p

2) D n -2 =L and Dn 2M =p



on can do surgery of I along D toget

It = ⇐ - (✗ ✗ I)) u (15×21)
if ✗ doesn't separate I into 2 components one

of which is a disk
,
then D is a boundary

compressing disk for -2 and I is boundary

compressible
if I is not boundary compressible and no component

is a disk
,
then it is boundary incompressible

Proof of That 7 :

let C= oci where G. . . Cn are the exceptional fibers
and Co a regular fiber

isotop I so CATE and minimize Inc
I n vec) = It meridional disks

let Mo = Me NCC)

I
☐

= In Mo

exercise : Io is incompressible and 2- in
'

comp . in Mo

restrict p : M → B to P : Mo → Bo

toget an S
'
-bundle over Bo (2130--10)

let ✗i be arcs in Bo et. Bol V2
,
= disk D

Ai p
"

(4) annuli in Mo



Isotope. so Iota and minimize InA

Set M,
= Mol UAi

note M
,
= 15×5 and each Ai gives Ai, Ai C2Mi

set -2
,
= IN UAi

exercise :

1) each component of E, n AI is
horizontal or vertical

2.e.
" "

- or \
" "

2) I
,
is incompressible in M ,

3) a connected
,
orientable

, incompressible
surface in 51×15 is a maidcainal
disk or a 2-parallel annulus

3 cases to consider :

2) some component of -2, is an annulus

with boundary horizontal
ii ) some component of E, is a meridional

dish

iii) all components of -2, are annuli
with vertical boundary



in case 2) : let 6 be an innermost such annulus

t.e.no other component of -2, between
G and 2M , )

7- a 2- compressing disk D for 6 inMist
. Dn Ait =0

so D is 2- compressing for Io in Mo ☒
i. Case e) doesn't happen

in Case ii) : if some component a disk then all

are and easy to see I horizontal.

in case iii ) : if all components vertical annuli
then clearly -2 vertical

4¥

C Hyperbolic manifolds

recall a manifoldM is hyperbolic if it admits
a complete Riemannian metric with sectional
curvature -1 and finite volume

( can relax complete and finite volume , but
we wont )

A lot is known about hyperbolic manifolds, we could
do the whole course on them ! But here we just
mention a few facts



Mos tow - Prasad rigidity theorem 1968,1973 :

let M
,
N be complete , finite volume) hyperbolic

manifolds of dimension 7- 3
.

µ f : µ→ µ is a homotopy equ.waeence.me?f is homotopic to an isometry !

Remark : This says a geometric invariant of a

hyperbolic manifold is also a topological
invariant !

e.g. if two hyperbolic manifolds (of divine 3) have
different volumes then they are not

homeomorphic

suppose M is a 3- manifold with n torus boundary
components (and no others)

we say M is hyperbolic if the intercom of
M has a complete , finite volume metric
with sectional curvature - I

fix a basis for the homology of each boundary
component of M and let Mcr

, , . . .) rn )

be the Dehn filling of M with slopes r,, - , rn



Thurston's hyperbolic Dehn surgery theorem ,
1979 :

There are a finite set of slopes E on 2M

such that Mlr, , . . . , rn ) has a hyperbolic
structure if r

,
# E for all i

Moreover
,
for a larger set E

'

> E it rake
'

then the cores of the surgery tori
form

disjoint geodesics in Mlr, , . . , rn) with small

length and these are the shortest geodesics
in Mlr

, , . . . , rn )

so , for example, if K c 5 is a knot St. 5-K is

hyperbolic , then 5?< (r ) is hyperbolic for all
but finitely many r

call r exceptional it skirt not hyperbolic

let M hyperbolic 3-manifold with one torus

boundary component
Laeken by -Meyerhoff 2015: then M has at

most 10 exceptional slopes

Ago I 2010 : there are only finitely many
such M with 9 or more exceptional slopes


